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GENERALIZED RICCI FLOW I: HIGHER DERIVATIVES
ESTIMATES FOR COMPACT MANIFOLDS
YI LI
Abstract. We consider a generalized Ricci flow with a given (not necessarily
closed) three-form and establish the higher derivatives estimates for compact
manifolds. As an application, we prove the compactness theorem for this
generalized Ricci flow. The similar results still hold for a more generalized
Ricci flow.
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1. Introduction
Throughout this paper manifolds always mean smooth and closed (compact and
without boundary) manifolds. Let Met(M) denote the space of smooth metrics on
a manifold M , and C∞(M) the set of all smooth functions on M . We denote by
C the universal constants depending only on the dimension of M , which may take
different values at different places.
An important and natural problem in differential geometry is to find a canonical
metric on a given manifold. A classical example is the uniformization theorem
(e.g., [3]), which says that every smooth surface admits a unique conformal metric
of constant curvature. To generalize to higher dimensional manifolds, Hamilton [8]
introduced a system of equations
(1.1)
∂gij
∂t
= −2Rij ,
now called the Ricci flow, an analogue of the heat equation for metrics.
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There are two ways to understand the Ricci flow: one way comes from the two-
dimensional sigma model (see [1]), while another comes from Perelman’s energy
functional ([14]) defined by
(1.2) F(g, f) =
∫
M
(
R+ |∇f |2) e−fdVg, (g, f) ∈Met(M)× C∞(M),
where R, ∇, and dVg, is the scalar curvature, Levi-Civita connection, and volume
form of g, respectively. He showed that the Ricci flow is the gradient flow of (1.2)
and the functional F is monotonic along this gradient flow. Precisely, under the
following system
(1.3)
∂gij
∂t
= −2Rij , ∂f
∂t
= −R−∆f + |∇f |2,
we have
(1.4)
d
dt
F(g, f) = 2
∫
M
|Rij +∇i∇jf |2 e−fdVg ≥ 0.
Perelman’s energy functional plays an essential role in determining the structures
of singularities of the Ricci flow and then the proof of Poincare´ conjecture and
Thurston’s generalization conjecture; for more details we refer the readers to [2, 4,
5, 11, 12, 14].
1.1. Ricci flow coupled with a one form or a two form. If we consider the
two-dimensional nonlinear sigma model [1, 13], then we obtain a generalized Ricci
flow that is the Ricci flow coupled with the evolution equation for a two form. This
flow can be also obtained from the point of view of Perelman-type energy functional.
Denoting byAp(M) the space of p-forms onM , we consider the energy functional
F (1) : Met(M)×A2(M)× C∞(M) −→ R
defined by
(1.5) F (1)(g,B, f) =
∫
M
(
R+ |∇f |2 − 1
12
|H |2
)
e−fdVg,
where H = dB. As showed in [13], the gradient flow of F (1) satisfies
∂gij
∂t
= −2Rij − 2∇i∇jf + 1
2
Hi
kℓHjkℓ,(1.6)
∂Bij
∂t
= 3∇kHkij − 3Hkij∇kf,(1.7)
∂f
∂t
= −R−∆f + 1
4
|H |2,(1.8)
and under a family of diffeomorphisms the system (1.6)—(1.8) is equivalent to
∂gij
∂t
= −2Rij + 1
2
Hi
kℓHjkℓ,(1.9)
∂Bij
∂t
= 3∇kHkij ,(1.10)
∂f
∂t
= −R−∆f + |∇f |2 + 1
4
|H |2.(1.11)
Using the adjoint operator d∗, the equation (1.10) can be written as
(1.12)
∂Bij
∂t
= −(d∗H)ij ,
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and therefore (because of H = dB)
(1.13)
∂H
∂t
= −dd∗H = ∆HLH,
where ∆HL = −(dd∗ + d∗d) denotes the Hodge-Laplace operator.
The flow (1.9)—(1.10) can be interpreted as the connection Ricci flow [16]. If we
replace H = dB by F = dA, i.e., replace a two form by a one form, then the flow
(1.6)—(1.7) or (1.9)—(1.10) is exactly the Ricci Yang-Mills flow studied by Streets
[17] and Young [18].
1.2. Ricci flow coupled with a one form and a two form. There is another
generalized Ricci flow which connects to Thurston’s conjecture—roughly stating
that a three-dimensional manifold with a given topology has a canonical decom-
position into simple three-dimensional manifolds, each of which admits one, and
only one, of eight homogeneous geometries: S3, the round three-sphere; R3, the
Euclidean space; H3, the standard hyperbolic space; S2×R; H2×R; Nil, the three-
dimensional nilpotent Heisenberg group; S˜L(2,R); Sol, the three -dimensional solv-
able Lie group. The proof of Thurston’s conjecture can be found in [2, 11, 12, 14].
To better understanding Thurston’s conjecture, Gegenberg and Kunstatter [6]
proposed a generalized flow by considering the modified 3D stringy theory. This
flow is the Ricci flow coupled with evolution equations for a one form and a two
form. As in (1.5), we define an energy functional
F (2) : Met(M)×A1(M)×A2(M)× C∞(M) −→ R
by
(1.14) F (2)(g,A,B, f) =
∫
M
(
R+ |∇f |2 − 1
12
|H |2 − 1
2
|F |2
)
e−fdVg ,
where H = dB, and F = dA. In [10], the authors showed that the gradient flow of
F (2) satisfies
∂gij
∂t
= −2Rij − 2∇i∇jf + 1
2
Hi
kℓHjkℓ + 2Fi
kFjk,(1.15)
∂Ai
∂t
= 2∇jF ji − 2F ji∇jf,(1.16)
∂Bij
∂t
= 3∇kHkij − 3Hkij∇kf,(1.17)
∂f
∂t
= −R−∆f + 1
4
|H |2 + |F |2,(1.18)
and under a family of diffeomorphisms the system (1.15)—(1.18) is equivalent to
∂gij
∂t
= −2Rij + 1
2
Hi
kℓHjkℓ + 2Fi
kFjk,(1.19)
∂Ai
∂t
= 2∇jF ji,(1.20)
∂Bij
∂t
= 3∇kHkij ,(1.21)
∂f
∂t
= −R−∆f + |∇f |2 + 1
4
|H |2 + |F |2.(1.22)
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Using again the adjoint operator d∗, we have
(1.23)
∂F
∂t
= ∆HLF,
∂H
∂t
= ∆HLH.
The flow (1.19)—(1.21) clearly contains the Ricci flow, the flow (1.9)—(1.10)
or the connection Ricci flow, and the Ricci Yang-Mills flow; we expect this flow
can give another proof of the Poincare´ conjecture and Thurston’s generalization
conjecture, with less analysis on singularities.
1.3. Main results. For convenience, we refer to GRF the generalized Ricci flow
and RF(A,B) the Ricci flow coupled with a one form A and a two form B.
Let (M, g) denote an n-dimensional closed Riemannian manifold with a three
form H = {Hijk}. In the first part of this paper we consider the following GRF on
M :
∂
∂t
gij(x, t) = −2Rij(x, t) + 1
2
Hikℓ(x, t)Hj
kℓ(x, t),(1.24)
∂
∂t
H(x, t) = ∆HL,g(x,t)H(x, t), H(x, 0) = H(x), g(x, 0) = g(x).(1.25)
It is clearly from (1.9) and (1.13) that the gradient flow of the energy functional
F (1) is a special case of (1.24) —(1.25). The corresponding case that H is closed is
called the refined generalized Ricci flow (RGRF):
∂
∂t
gij(x, t) = −2Rij(x, t) + 1
2
Hikℓ(x, t)Hj
kℓ(x, t),(1.26)
∂
∂t
H(x, t) = −dd∗g(x,t)H(x, t), H(x, 0) = H(x), g(x, 0) = g(x).(1.27)
Here d∗g(x,t) is the dual operator of d with respect to the metric g(x, t).
Lemma 1.1. Under RGRF, H(x, t) is closed if the initial value H(x) is closed.
Proof. Since the exterior derivative d is independent of the metric, we have
∂
∂t
dH(x, t) = d
∂
∂t
H(x, t) = d
(
−dd∗g(x,t)H(x, t)
)
= 0.
so dH(x, t) = dH(x) = 0. 
The closedness of H is very important and has physical interpretation [1, 13].
Streets [16] considered the connection Ricci flow in which H is the geometric torsion
of connection.
Proposition 1.2. If (g(x, t), H(x, t)) is a solution of RGRF and the initial value
H(x) is closed, then it is also a solution of GRF.
Proof. From Lemma 1.1 and the assumption we know that H(x, t) are all closed.
Hence ∆HL,g(x,t)H(x, t) = −dd∗g(x,t)H(x, t). 
For GRF, a basic and natural question is the existence. The short-time existence
for RGRF has been established in [10], where the authors have already showed the
short-time existence for RF(A,B) obviously including RGRF. In this paper, we
prove the short- time existence for RGF.
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Theorem 1.3. There is a unique solution to GRF for a short time. More precisely,
let (M, gij(x)) be an n-dimensional closed Riemannian manifold with a three form
H = {Hijk}, then there exists a constant T = T (n) > 0 depending only on n such
that the evolution system
∂
∂t
gij(x, t) = −2Rij(x, t) + 1
2
gkp(x, t)gℓq(x, t)Hikℓ(x, t)Hjpq(x, t),
∂
∂t
H(x, t) = ∆HL,g(x,t)H(x, t), H(x, 0) = H(x), g(x, 0) = g(x),
has a unique solution (gij(x, t), Hijk(x, t)) for a short time 0 ≤ t ≤ T .
After establishing the local existence, we are able to prove the higher derivatives
estimates for GRF. Precisely, we have the following
Theorem 1.4. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a closed
manifold Mn and K is an arbitrary given positive constant. Then for each α > 0
and each integer m ≥ 1 there exists a constant Cm depending on m,n,max{α, 1},
and K such that if
|Rm(x, t)|g(x,t) ≤ K, |H(x)|g(x) ≤ K
for all x ∈M and t ∈ [0, α/K], then
(1.28) |∇m−1Rm(x, t)|g(x,t) + |∇mH(x, t)|g(x,t) ≤
Cm
tm/2
for all x ∈M and t ∈ (0, α/K].
As an application, we can prove the compactness theorem for GRF.
Theorem 1.5. (Compactness for GRF) Let {(Mk, gk(t), Hk(t), Ok)}k∈N be a
sequence of complete pointed solutions to GRF for t ∈ [α, ω) ∋ 0 such that
(i) there is a constant C0 <∞ independent of k such that
sup
(x,t)∈Mk×(α,ω)
∣∣Rmgk(x,t)∣∣gk(x,t) ≤ C0, supx∈Mk |Hk(x, α)|gk(x,α) ≤ C0,
(ii) there exists a constant ι0 > 0 satisfies
injgk(0)(Ok) ≥ ι0.
Then there exists a subsequence {jk}k∈N such that
(Mjk , gjk(t), Hjk (t), Ojk) −→ (M∞, g∞(t), H∞(t), O∞),
converges to a complete pointed solution (M∞, g∞(t), H∞(t), O∞), t ∈ [α, ω) to
GRF as k →∞.
In the second part of this paper, we consider the Ricci flow coupled with a one
form and a two form. This flow is the gradient flow of F (2) and takes the form:
∂
∂t
gij(x, t) = −2Rij + 1
2
Hi
kℓ(x, t)Hjkℓ(x, t) + 2Fi
k(x, t)Fjk(x, t),(1.29)
∂
∂t
Ai(x, t) = 2∇jF ji(x, t), Ai(x, 0) = Ai(x), gij(x, 0) = gij(x),(1.30)
∂
∂t
Bij(x, t) = 3∇kHkij(x, t), Bij(x, 0) = Bij(x).(1.31)
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Here A = {Ai} and B = {Bij} is a one form and a two form on M , respectively,
and F = dA,H = dB. For this flow, we can also prove the short-time existence,
higher derivative estimates, and the compactness theorem.
The rest of this paper is organized as follows. In Section 2, we prove the short-
time existence and uniqueness of the GRF for any given three form H . In Section
3, we compute the evolution equations for the Levi-Civita connections, Riemann,
Ricci, and scalar curvatures of a solution to the GRF. In Section 4, we establish
higher derivative estimates for GRF, called Bernstein-Bando-Shi(BBS) derivative
estimates (e.g., [2, 3, 5, 12, 15]). In Section 5, we prove the compactness theorem
for GRF by using BBS estimates. In Section 6, based on the work of [10], the
similar results are established for RF(A,B).
Acknowledgment. The author thanks his advisor, Professor Shing-Tung Yau,
for helpful discussions. The author expresses his gratitude to Professor Kefeng Liu
for his interest in this work and for his numerous help in mathematics. He also
thanks Valentino Tosatti and Jeff Streets for several useful conversations.
2. Short-time existence of GRF
In this section we establish the short-time existence for GRF. Our method is
standard, that is, DeTurck trick which is used in Ricci flow to prove its short-time
existence. We assume that M is an n-dimensional closed Riemannian manifold
with metric
(2.1) ds˜2 = g˜ij(x)dx
idxj
and with Riemannian curvature tensor {R˜ijkℓ}. We also assume that H˜ = {H˜ijk}
is a fixed three form on M . In the following we put
(2.2) hij := HikℓHj
kℓ.
Suppose the metrics
(2.3) dŝ2t =
1
2
ĝij(x, t)dx
idxj
are the solutions of1
(2.4)
∂
∂t
ĝij(x, t) = −2R̂ij(x, t) + ĥij(x, t), ĝij(x, 0) = g˜ij(x)
for a short time 0 ≤ t ≤ T . Consider a family of smooth diffeomorphisms ϕt :M →
M(0 ≤ t ≤ T ) of M . Let
(2.5) ds2t := ϕ
∗
t dŝ
2
t , 0 ≤ t ≤ T
be the pull-back metrics of dŝ2t . For coordinates system x = {x1, · · · , xn} on M ,
let
(2.6) ds2t = gij(x, t)dx
idxj
and
(2.7) y(x, t) = ϕt(x) = {y1(x, t), · · · , yn(x, t)}.
Then we have
(2.8) gij(x, t) =
∂yα
∂xi
∂yβ
∂xj
ĝαβ(y, t).
1In the following computations we don’t need to use the evolution equation for H(x, t), hence
we only consider the evolution equation for metrics.
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By the assumption ĝαβ(x, t) are the solutions of
(2.9)
∂
∂t
ĝαβ(x, t) = −2R̂αβ(x, t) + ĥαβ(x, t), ĝαβ(x, 0) = g˜αβ(x).
We use Rij , R̂ij , R˜ij ; Γ
k
ij , Γ̂
k
ij , Γ˜
k
ij ; ∇, ∇̂, ∇˜; hij , ĥij , h˜ij to denote the Ricci curva-
tures, Christoffel symbols, covariant derivatives, and products of the three form H
with respect to g˜ij , ĝij , gij respectively. Then
∂
∂t
gij(x, t) =
∂yα
∂xi
∂yβ
∂xj
(
∂
∂t
ĝαβ(y, t)
)
+
∂
∂xi
(
∂yα
∂t
)
∂yβ
∂xj
ĝαβ(y, t)
+
∂yα
∂xi
∂
∂xj
(
∂yβ
∂t
)
ĝαβ(y, t).
From (2.9) we have
∂
∂t
ĝαβ(y, t) = −2R̂αβ(y, t) + ĥαβ(y, t) + ∂ĝαβ
∂yγ
∂yγ
∂t
,
and
∂
∂t
gij(x, t) = −2∂y
α
∂xi
∂yβ
∂xj
R̂αβ(y, t) +
∂yα
∂xi
∂yβ
∂xj
ĥαβ(y, t)
+
∂yα
∂xi
∂yβ
∂xj
∂ĝαβ
∂yγ
∂yγ
∂t
+
∂
∂xi
(
∂yα
∂t
)
∂yβ
∂xj
ĝαβ(y, t)
+
∂yα
∂xi
∂
∂xj
(
∂yβ
∂t
)
ĝαβ(y, t).
Since
Rij(x, t) =
∂yα
∂xi
∂yβ
∂xj
R̂αβ(y, t), hij(x, t) =
∂yα
∂xi
∂yβ
∂xj
ĥαβ(y, t),
using the equation ([15], Sec. 2, (29)), we obtain
∂
∂t
gij(x, t) = −2Rij(x, t) + hij(x, t)
+ ∇i
(
∂yα
∂t
∂xk
∂yα
gjk
)
+∇j
(
∂yα
∂t
∂xk
∂yα
gik
)
.(2.10)
According to DeTurck trick, we define y(x, t) = ϕt(x) by the equation
(2.11)
∂yα
∂t
=
∂yα
∂xk
gβγ(Γkβγ − Γ˜kβγ), yα(x, 0) = xα,
then (2.10) becomes
(2.12)
∂
∂t
gij(x, t) = −2Rij(x, t) + hij(x, t) +∇iVj +∇jVi, gij(x, 0) = g˜ij(x),
where
(2.13) Vi = gikg
βγ(Γkβγ − Γ˜kβγ).
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Lemma 2.1. The evolution equation (2.12) is a strictly parabolic system. More-
over,
∂
∂t
gij = g
αβ∇˜α∇˜βgij − gαβgipg˜pqR˜jαqβ − gαβgjpg˜pqR˜iαqβ
+
1
2
gαβgpq(∇˜igpα · ∇˜jgqβ + 2∇˜gjp · ∇˜qgiβ − 2∇˜αgjp · ∇˜βgiq
− 2∇˜jgpα · ∇˜βgiq − 2∇˜igpα · ∇˜βgjq) + 1
2
gαβgpqHiαpHjβq.
Proof. It is an immediate consequence of Lemma 2.1 of [15]. 
Now we can prove the short-time existence of GRF.
Theorem 2.2. There is a unique solution to GRF for a short time. More precisely,
let (M, gij(x)) be an n-dimensional closed Riemannian manifold with a three form
H = {Hijk}, then there exists a constant T = T (n) > 0 depending only on n such
that the evolution system
∂
∂t
gij(x, t) = −2Rij(x, t) + 1
2
gkp(x, t)gℓq(x, t)Hikℓ(x, t)Hjpq(x, t),
∂
∂t
H(x, t) = ∆HL,g(x,t)H(x, t), H(x, 0) = H(x), g(x, 0) = g(x),
has a unique solution (gij(x, t), Hijk(x, t)) for a short time 0 ≤ t ≤ T .
Proof. We proved that the first evolution equation is strictly parabolic by Lemma
2.1. Form the Ricci identity, we have ∆HL,g(x,t)H = ∆LB,g(x,t)H + Rm ∗H which
is also strictly parabolic. Hence from the standard theory of parabolic systems, the
evolution system has a unique solution. 
3. Evolution of curvatures
The evolution equation for the Riemann curvature tensors to the usual Ricci flow
(e.g., [2, 3, 5, 8, 12, 15]) is given by
(3.1)
∂
∂t
Rijkℓ = ∆Rijkℓ + ψijkℓ
where
ψijkℓ = 2(Bijkℓ −Bijℓk −Biℓjk +Bikjℓ)
− gpq(RpjkℓRqℓ +RipkℓRqj +RijpℓRqk +RijkpRqℓ),
and Bijkℓ = g
prgqsRpiqjRrksℓ. From this we can easily deduce the evolution equa-
tion for the Riemann curvature tensors to GRF.
Let vij(x, t) be any symmetric 2-tensor, we consider the flow
(3.2)
∂
∂t
gij(x, t) = vij(x, t).
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Applying a formula in [3] to our case vij := −2Rij + 12hij with hij = HikℓHjkℓ, we
obtain
∂
∂t
Rijkℓ = −1
2
(
−2∇i∇kRjℓ + 1
2
∇i∇khjℓ + 2∇i∇ℓRjk − 1
2
∇i∇ℓhjk
+ 2∇j∇kRiℓ − 1
2
∇j∇khiℓ − 2∇j∇ℓRik + 1
2
∇j∇ℓhik
)
+
1
2
gpq
[
Rijkp
(
−2Rqℓ + 1
2
hqℓ
)
+Rijpℓ
(
−2Rqk + 1
2
hqk
)]
= ∇i∇kRjℓ −∇i∇ℓRjk −∇j∇kRiℓ +∇j∇ℓRik
− gpq(RijkpRqℓ +RijpℓRqk)
+
1
4
(−∇i∇khjℓ +∇i∇ℓhjk +∇j∇khiℓ −∇j∇ℓhik)
+
1
4
gpq (Rijkphqℓ +Rijpℓhqk)
= ∆Rijkℓ + 2 (Bijkℓ −Bijℓk −Biljk +Bikjℓ)
− gpq(RpjkℓRqℓ +RipkℓRqj +RijpℓRqk +RijkpRqℓ)
+
1
4
(−∇i∇khjℓ +∇i∇ℓhjk +∇j∇khiℓ −∇j∇ℓhik)
+
1
4
gpq (Rijkphqℓ +Rijpℓhqk) .
Proposition 3.1. For GRF we have
∂
∂t
Rijkℓ = ∆Rijkℓ + 2 (Bijkℓ −Bijℓk −Biℓjk +Bikjℓ)
− gpq(RpjkℓRqℓ +RipkℓRqj +RijpℓRqk +RijkpRqℓ)
+
1
4
(−∇i∇khjℓ +∇i∇ℓhjk +∇j∇khiℓ −∇j∇ℓhik)
+
1
4
gpq (Rijkphqℓ +Rijpℓhqk) .
In particular,
Corollary 3.2. For GRF we have
(3.3)
∂
∂t
Rm = ∆Rm+Rm ∗ Rm+H ∗H ∗ Rm+
2∑
i=0
∇iH ∗ ∇2−iH.
Proof. From above proposition, we obtain
∂
∂t
Rm = ∆Rm+Rm ∗ Rm+∇2h+ h ∗ Rm.
On the other hand, h = H ∗H and
∇2h = ∇(∇(H ∗H)) = ∇(∇H ∗H) = ∇2H ∗H +∇H ∗ ∇H.
Combining these terms, we obtain the result. 
Proposition 3.3. For GRF we have
∂
∂t
Rik = ∆Rik + 2〈Rpiqk, Rpq〉 − 2〈Rpi, Rpk〉+ 1
4
[〈hℓq, Riℓkq〉+ 〈Rip, hkp〉]
+
1
4
[−∇i∇k|H |2 + gjℓ∇i∇ℓhjk + gjℓ∇j∇khiℓ −∆hik] .
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Proof. Since
∂
∂t
Rik = g
jℓ ∂
∂t
Rijkℓ + 2g
jpgℓqRijkℓRpq,
and
gijhij = g
ijHipqHj
pq = gijgprgqsHipqHjrs = |H |2,
it follows that
gjℓ[−∇i∇khjℓ +∇i∇ℓhjk +∇j∇khiℓ
− ∇j∇ℓhik + gpqhqℓRijkp + gpqhqkRijpℓ]
= −∇i∇k|H |2 + gjℓ∇i∇ℓhjk + gjℓ∇j∇khiℓ
− ∆hik + gjℓgpqhqℓRijkp + gpqhqkRip.
From these identities, we get the result. 
As a consequence, we obtain the evolution equation for scalar curvature.
Proposition 3.4. For GRF we have
∂
∂t
R = ∆R+ 2|Ric|2 − 1
2
∆|H |2 + 1
2
〈hij , Rij〉+ 1
2
gikgjℓ∇i∇jhkℓ.
Proof. From the usual evolution equation for scalar curvature under the Ricci flow,
we have
∂
∂t
R = ∆R+ 2|Ric|2 + 1
4
gik[〈hℓq, Riℓkq〉+ 〈Rip, hkp〉]
+
1
4
gik
(−∇i∇k|H |2 + gjℓ∇i∇ℓhjk + gjℓ∇j∇khiℓ −∆hik)
= ∆R+ 2|Ric|2 + 1
4
〈hij , Rij〉+ 1
4
〈Rip, hip〉
− 1
4
∆|H |2 + 1
4
gikgjℓ∇i∇ℓhjk + 1
4
gikgjℓ∇j∇khiℓ − 1
4
∆|H |2.
Simplifying the terms, we obtain the required result. 
4. Derivative estimates
In this section we are going to prove BBS estimates. At first we review several
basic identities of commutators [∆,∇] and [ ∂∂t ,∇]. If A = A(t) is a t-dependency
tensor, and
∂gij
∂t = vij , then applying the well-known formulas stated in [3] on GRF
we have
∂
∂t
∇Rm = ∇ ∂
∂t
Rm+Rm ∗ ∇(Rm +H ∗H)
= ∇(∆Rm+Rm ∗ Rm+H ∗H ∗ Rm+∇2H ∗H +∇H ∗ ∇H)
+ Rm ∗ ∇Rm+H ∗ ∇H ∗ Rm(4.1)
= ∆(∇Rm) +
∑
i+j=1
∇iRm ∗ ∇jRm
+
∑
i+j+k=1
∇iH ∗ ∇jH ∗ ∇kRm+
∑
i+j=1+2
∇iH ∗ ∇jH.
More generally, we have
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Proposition 4.1. For GRF and any nonnegative integer ℓ we have
∂
∂t
∇ℓRm = ∆(∇ℓRm) +
∑
i+j=ℓ
∇iRm ∗ ∇jRm
+
∑
i+j+k=ℓ
∇iH ∗ ∇jH ∗ ∇kRm+
∑
i+j=ℓ+2
∇iH ∗ ∇jH.(4.2)
Proof. For ℓ = 1, we have proved before the proposition. Suppose that the formula
holds for 1, · · · , ℓ. By induction to ℓ, for ℓ + 1 we have
∂
∂t
∇ℓ+1Rm = ∂
∂t
∇(∇ℓRm)
= ∇ ∂
∂t
(∇ℓRm) +∇ℓRm ∗ ∇(Rm +H ∗H)
= ∇
∆(∇ℓRm) + ∑
i+j=ℓ
∇iRm ∗ ∇jRm
+
∑
i+j+k=ℓ
∇iH ∗ ∇jH ∗ ∇kRm+
∑
i+j=ℓ+2
∇iH ∗ ∇jH

+ ∇ℓRm ∗ ∇Rm+H ∗ ∇H ∗ ∇ℓRm
= ∆(∇ℓ+1Rm) +∇Rm ∗ ∇ℓRm+Rm ∗ ∇ℓ+1Rm
+
∑
i+j=ℓ
(∇i+1Rm ∗ ∇jRm+∇iRm ∗ ∇j+1Rm)
+
∑
i+j+k=ℓ
(∇i+1H ∗ ∇jH ∗ ∇kRm
+ ∇iH ∗ ∇j+1H ∗ ∇kRm+∇iH ∗ ∇jH ∗ ∇k+1Rm)
+
∑
i+j=ℓ+2
(∇i+1H ∗ ∇jH +∇iH ∗ ∇j+1H)
+ H ∗ ∇H ∗ ∇lRm.
Simplifying these terms, we obtain the required result. 
As an immediate consequence, we have an evolution inequality for |∇lRm|2.
Corollary 4.2. For GRF and any nonnegative integer ℓ we have
∂
∂t
|∇ℓRm|2 ≤ ∆|∇lRm|2 − 2|∇ℓ+1Rm|2
+ C ·
∑
i+j=ℓ
|∇iRm| · |∇jRm| · |∇ℓRm|
+ C ·
∑
i+j+k=ℓ
|∇iH | · |∇jH | · |∇kRm| · |∇ℓRm|
+ C ·
∑
i+j=ℓ+2
|∇iH | · |∇jH | · |∇ℓRm|,(4.3)
where C are universal constants depending only on the dimension of M .
Next we derive the evolution equations for the covariant derivatives of H .
12 YI LI
Proposition 4.3. For GRF and any positive integer ℓ we have
(4.4)
∂
∂t
∇ℓH = ∆(∇ℓH) +
∑
i+j=ℓ
∇iH ∗ ∇jRm+
∑
i+j+k=ℓ
∇iH ∗ ∇jH ∗ ∇kH.
Proof. From the Bochner formula, the evolution equation for H can be rewritten
as
(4.5)
∂
∂t
H = ∆H +Rm ∗H.
For ℓ = 1, we have
∂
∂t
∇H = ∇ ∂
∂t
H +H ∗ ∇(Rm +H ∗H)
= ∇(∆H +Rm ∗H) +H ∗ ∇Rm+H ∗H ∗ ∇H
= ∇(∆H) +H ∗ ∇Rm+∇H ∗ Rm+H ∗H ∗ ∇H
= ∆(∇H) +∇Rm ∗H +∇H ∗ Rm+H ∗H ∗ ∇H.
Using (4.2) and the same argument, we can prove the evolution equation for higher
covariant derivatives. 
Similarly, we have an evolution inequality for |∇ℓH |2.
Corollary 4.4. For GRF and for any positive integer l we have
∂
∂t
|∇lH |2 ≤ ∆|∇ℓH |2 − 2|∇ℓ+1H |2
+ C ·
∑
i+j=ℓ
|∇iH | · |∇jRm| · |∇ℓH |(4.6)
+ C ·
∑
i+j+k=ℓ
|∇iH | · |∇jH | · |∇kH | · |∇lH |,
while
(4.7)
∂
∂t
|H |2 ≤ ∆|H |2 − 2|∇H |2 + C · |Rm| · |H |2.
Theorem 4.5. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a closed
manifold Mn for a short time 0 ≤ t ≤ T and K1,K2 are arbitrary given nonnegative
constants. Then there exists a constant Cn depending only on n such that if
|Rm(x, t)|g(x,t) ≤ K1, |H(x)|g(x) ≤ K2
for all x ∈M and t ∈ [0, T ], then
(4.8) |H(x, t)|g(x,t) ≤ K2eCnK1t
for all x ∈M and t ∈ [0, T ].
Proof. Since
∂
∂t
|H |2 ≤ ∆|H |2 + Cn|Rm| · |H |2 ≤ ∆|H |2 + CnK1|H |2,
using maximum principle, we obtain u(t) ≤ u(0)eCnK1t, where u(t) = |H |2. 
The main result in this section is the following estimates for higher derivatives
of Riemann curvature tensors and three forms. Some special cases were proved in
[16, 17, 18].
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Theorem 4.6. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a compact
manifold Mn and K is an arbitrary given positive constant. Then for each α > 0
and each integer m ≥ 1 there exists a constant Cm depending on m,n,max{α, 1},
and K such that if
|Rm(x, t)|g(x,t) ≤ K, |H(x)|g(x) ≤ K
for all x ∈M and t ∈ [0, α/K], then
(4.9) |∇m−1Rm(x, t)|g(x,t) + |∇mH(x, t)|g(x,t) ≤
Cm
tm/2
for all x ∈M and t ∈ (0, α/K].
Proof. In the following computations we always let C be any constants depending
on n,m,max{α, 1},andK, which may take different values at different places. From
the evolution equations and Theorem 4.5, we have
∂
∂t
|Rm|2 ≤ ∆|Rm|2 − 2|∇Rm|2 + C + C|∇2H |+ C|∇H |2,
∂
∂t
|H |2 ≤ ∆|H |2 − 2|∇H |2 + C,
∂
∂t
|∇H |2 ≤ ∆|∇H |2 − 2|∇2H |2 + C|∇Rm| · |∇H |+ C|∇H |2.
Consider the function u = t|∇H |2+γ|H |2+ t|Rm|2. Directly computing, we obtain
∂
∂t
u ≤ ∆u− 2t|∇2H |2 + Ct|∇2H |+ (C − 2γ)|∇H |2 + C + Cγ
− 2t|∇Rm|2 + Ct · |∇Rm| · |∇H |
≤ ∆u+ 2(C − γ) · |∇H |2 + C(1 + γ).
If we choose γ = C, then ∂∂tu ≤ ∆u + C which implies that u ≤ CeCt since
u(0) ≤ C. With this estimate we are able to bound the first covariant derivative of
Rm and the second covariant derivative of H . In order to control the term |∇Rm|2,
we should use the evolution equations of |H |2, |∇H |2 and |∇2H |2 to cancel with
the bad terms, i.e., |∇2Rm|2, |∇2H |2, and |∇3H |2, in the evolution equation of
|∇Rm|2:
∂
∂t
|∇Rm|2 ≤ ∆|∇Rm|2 − 2|∇2Rm|2 + C|∇Rm|2 + C
t1/2
|∇Rm|
+ C · |∇Rm| · |∇3H |+ C
t1/2
|∇2H | · |∇Rm|,
∂
∂t
|∇2H |2 ≤ ∆|∇2H |2 − 2|∇3H |2 + C · |∇2Rm| · |∇2H |
+
C
t1/2
|∇Rm| · |∇2H |+ C|∇2H |2 + C
t
|∇2H |.
As above, we define
u := t2(|∇2H |2 + |∇Rm|2) + tβ(|∇H |2 + |Rm|2) + γ|H |2,
and therefore, ∂u∂t ≤ ∆u+C. Motivated by cases for m = 1 and m = 2, for general
m, we can define a function
u := tm(|∇mH |2 + |∇m−1Rm|2) +
m−1∑
i=1
βit
i(|∇iH |2 + |∇i−1Rm|2) + γ|H |2,
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where βi and γ are positive constants determined later. In the following, we always
assume m ≥ 3. Suppose
|∇i−1Rm|+ |∇iH | ≤ Ci
ti/2
, i = 1, 2, · · · ,m− 1.
For such i, from Corollary 4.4, we have
∂
∂t
|∇iH |2 ≤ ∆|∇iH |2 − 2|∇i+1H |2 + C
i∑
j=0
|∇jH | · |∇i−jRm| · |∇iH |
+ C
i∑
j=0
i−j∑
ℓ=0
|∇jH | · |∇i−j−ℓH | · |∇ℓH | · |∇iH |
≤ ∆|∇iH |2 − 2|∇i+1H |2 + C · |∇iH |
i∑
j=0
Cj
t
j
2
· Ci−j+1
t
i−j+1
2
+ C · |∇iH |
i∑
j=0
i−j∑
ℓ=0
Cj
t
j
2
· Ci−j−ℓ
t
i−j−1
2
· Cℓ
t
l
2
≤ ∆|∇iH |2 − 2|∇i+1H |2 + Ci
t
i+1
2
|∇iH |+ Ci
t
i
2
|∇iH |.
Similarly, from Corollary 4.2 we also have
∂
∂t
|∇i−1Rm|2 ≤ ∆|∇i−1Rm|2 − 2|∇iRm|2 + C
i−1∑
j=0
|∇jRm||∇i−1−jRm||∇i−1Rm|
+ C
i−1∑
j=0
i−1−j∑
ℓ=0
|∇jH | · |∇i−1−j−ℓH | · |∇ℓRm| · |∇i−1Rm|
+ C
i+1∑
j=0
|∇jH | · |∇i+1−jH | · |∇i−1Rm|
≤ ∆|∇i−1Rm|2 − 2|∇iRm|2 + C · |∇i−1Rm|
i−1∑
j=0
Cj+1
t
j+1
2
· Ci−j
t
i−j
2
+ C · |∇i−1Rm|
i−1∑
j=0
i−1−j∑
ℓ=0
Cj
t
j
2
· Ci−1−j−ℓ
t
i−1−j−ℓ
2
· Cℓ+1
t
ℓ+1
2
+ C · |∇i−1Rm|
i∑
j=1
Cj
t
j
2
· Ci+1−j
t
i+1−j
2
+ C · |∇i+1H | · Ci
t
i
2
≤ ∆|∇i−1Rm|2 − 2|∇iRm|2
+
Ci
t
i+1
2
· |∇i−1Rm|+ Ci
t
i
2
|∇i+1H |+ Ci
t
i
2
|∇i−1Rm|.
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The evolution inequality for u now is given by
∂u
∂t
≤ mtm−1(|∇mH |2 + |∇m−1Rm|2) +
m−1∑
i=1
iβit
i−1(|∇iH |2 + |∇i−1Rm|2)
+ tm
(
∂
∂t
|∇mH |2 + ∂
∂t
|∇m−1Rm|2
)
+
m−1∑
i=1
βit
i
(
∂
∂t
|∇iH |2 + ∂
∂t
|∇i−1Rm|2
)
+ γ · ∂
∂t
|H |2.
It’s easy to see that the second term is bounded by
m−1∑
i=1
iβit
i−1Ci
ti
=
m−1∑
i=1
iβiCit
−1,
but this bound depends on t and approaches to infinity when t goes to zero. Hence
we use the last second term to control this bad term. The evolution inequality for
the third term is the combination of the following two inequalities
∂
∂t
|∇mH |2 ≤ ∆|∇mH |2 − 2|∇m+1H |2 + C
m∑
i=0
|∇iH | · |∇m−iRm| · |∇mH |
+ C
m∑
i=0
m−i∑
j=0
|∇jH | · |∇m−i−jH | · |∇iH | · |∇mH |
≤ ∆|∇mH |2 − 2|∇m+1H |2 + C|∇mH |2
+ C · |∇mRm| · |∇mH |+ Cm
t
m+1
2
|∇mH |+ Cm
t
m
2
|∇mH |,
and
∂
∂t
|∇m−1Rm|2 ≤ ∆|∇m−1Rm|2 − 2|∇mRm|2
+ C
m−1∑
i=0
|∇iRm| · |∇m−1−iRm| · |∇m−1Rm|
+ C
m−1∑
i=0
m−1−i∑
j=0
|∇jH | · |∇m−1−i−jH | · |∇iRm| · |∇m−1Rm|
+ C
m+1∑
i=0
|∇iH | · |∇m+1−iH | · |∇m−1Rm|
≤ ∆|∇m−1Rm|2 − 2|∇mRm|2
+ C|∇m−1Rm|2 + C
t
1
2
· |∇mH | · |∇m−1Rm|
+ C|∇m+1H ||∇m−1Rm|+ Cm
t
m+1
2
|∇m−1Rm|+ Cm
t
m
2
|∇m−1Rm|.
16 YI LI
Therefore we have
∂u
∂t
≤ mtm−1(|∇mH |2 + |∇m−1Rm|2)
+
m−1∑
i=1
iβit
i−1(|∇iH |2 + |∇i−1Rm|2)
+ tm
(
∆|∇mH |2 − 2|∇m+1H |2 + C
t
m+1
2
|∇mH |+ C|∇mH |2
+ C|∇mRm| · |∇mH |+∆|∇m−1Rm|2
− 2|∇mRm|2 + C
t
m+1
2
|∇m−1Rm|+ C|∇m−1Rm|2
+
C
t1/2
|∇mH | · |∇m−1Rm|+ C|∇m+1H | · |∇m−1Rm|
)
+
m−1∑
i=1
βit
i
(
Ci
t
i+1
2
|∇i−1Rm|+∆|∇iH |2 − 2|∇i+1H |2
+ ∆|∇i−1Rm|2 + Ci
t
i+1
2
|∇iH |+ Ci
t
i
2
|∇i+1H | − 2|∇iRm|2
)
+ γ(∆|H |2 − 2|∇H |2 + C)
≤ ∆u − 2tm|∇m+1H |2 + Ctm|∇m+1H | · |∇m−1Rm|
− 2tm|∇mRm|2 + Ctm|∇mRm| · |∇mH |
+
m−2∑
i=0
(i + 1)βi+1t
i(|∇i+1H |2 + |∇iRm|2)
− 2
m−1∑
i=1
βit
i(|∇i+1H |2 + |∇iRm|2)− 2γ|∇H |2 + γC
+ Ctm−1|∇mH |2 + Ctm−1|∇m−1Rm|2
+ Ct
m−1
2 |∇mH |+ Ctm−12 |∇m−1Rm|
+ Ctm−
1
2 |∇mH | · |∇m−1Rm|+ Ctm|∇m+1H | · |∇m−1Rm|
+
m−1∑
i=1
βiCit
i
2 |∇i+1H |+
m−1∑
i=1
βiCit
i−1
2 (|∇iH |2 + |∇i−1Rm|).
Choosing
(i + 1)βi+1 = βi, βi =
A
i!
, i ≥ 0,
where A is constant which is determined later, and noting that
m−1∑
i=1
βiCit
i/2|∇i+1H | ≤ 1
2
m−1∑
i=1
βit
i|∇i+1H |2 + 1
2
m−1∑
i=1
βiC
2
i ,
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m−1∑
i=1
βiCit
i−1
2 (|∇iH |+ |∇i−1Rm|)
≤ β1C1(|∇H |+ |Rm|) +
m−2∑
i=1
βi+1Ci+1t
i
2 (|∇i+1H |+ |∇iRm|)
≤ β1C1(|∇H |+ |Rm|)
+
m−2∑
i=1
βi+1Ci+1
(
ti|∇i+1H |2
2βi+1Ci+1
βi
+
ti|∇iRm|2
2βi+1Ci+1
βi
+
βi+1Ci+1
βi
)
≤ β1C1(|∇H |+ |Rm|)
+
1
2
m−2∑
i=1
βit
i(|∇i+1H |2 + |∇iRm|2) +
m−2∑
i=1
β2i+1C
2
i+1
βi
,
It yields that
∂
∂t
u ≤ ∆u − 2tm|∇m+1H |2 + Ctm|∇m+1H | · |∇m−1Rm|
− 2tm|∇mRm|2 + Ctm|∇mH | · |∇mRm|
+ Ctm−1|∇mH |2 + Ctm−1|∇m−1Rm|2
+ Ctm−
1
2 |∇mH | · |∇m−1Rm|+ β0(|∇H |2 + |Rm|2)
−
m−1∑
i=1
βit
i(|∇i+1H |2 + |∇iRm|2)
+
m−2∑
i=1
βit
i(|∇i+1H |2 + |∇iRm|2) + 1
2
βm−1t
m−1|∇mH |2
+ β1C1|∇H | − 2γ|∇H |2 + C + Cγ
≤ ∆u + Ctm−1|∇m−1Rm|2 + Ctm−1|∇mH |2
+ Ctm−
1
2 (|∇mH |2 + |∇m−1Rm|2) + β0|∇H |2
+ β1C1|∇H | − 2γ|∇H |2 + C + Cγ
− 1
2
βm−1t
m−1|∇mH |2 − βm−1tm−1|∇mRm|2
≤ ∆u + 1
2
(C
√
t+ C − βm−1)tm−1(|∇m−1Rm|2 + |∇mH |2)
+ (β0 + β1C1 − 2γ)|∇H |2 + C + Cγ + β1C1.
When we chose A and γ sufficiently large, we obtain ∂u∂t ≤ ∆u + C which implies
that u(t) ≤ C since u(0) is bounded. 
Finally we give an estimate which plays a crucial role in the next section.
Corollary 4.7. Let (g(x, t), H(x, t)) be a solution of the generalized Ricci flow on
a closed manifold M . If there are β > 0 and K > 0 such that
|Rm(x, t)|g(x,t) ≤ K, |H(x)|g(x) ≤ K
for all x ∈ M and t ∈ [0, T ], where T > β/K, then there exists for each m ∈ N a
constant Cm depending on m,n,min{β, 1}, and K such that
|∇m−1Rm(x, t)|g(x,t) + |∇mH(x, t)|g(x,t) ≤ CmKm/2
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for all x ∈M and t ∈ [min{β, 1}/K, T ].
Proof. The proof is the same as in [5], we just copy it here. Let β1 := min{β, 1}.
For any fixed point t0 ∈ [β1/K, T ] we set T0 := t0 − β1K . For t := t− T0 we let g(t)
and H(t) be the solution of the system
∂
∂t
g¯ = −2Rc + 1
2
h,
∂
∂t
H = ∆HL,gH, g(0) = g(T0), H(0) = H(T0).
The uniqueness of solution implies that g(t) = g(t + T0) = g(t) for t ∈ [0, β1/K].
By the assumption we have
|Rm(x, t)|g(x,t) ≤ K, |H(x)|g(x) ≤ K
for all x ∈M and t ∈ [0, β1/K]. Applying Theorem 4.5 with α = β1, we have
|∇m−1Rm(x, t)|g(x,t) + |∇
m
H(x, t)|g(x,t) ≤
Cm
t
m/2
for all x ∈ M and t ∈ (0, β1/K]. We have tm/2 ≥ βm/21 2−m/2K−m/2 if t ∈
[β1/2K,β1/K]. Taking t = β1/K, we obtain
|∇m−1Rm(x, t0)|g(x,t0) + |∇mH(x, t0)|g(x,t0) ≤
2m/2CmK
m/2
β
m/2
1
for all x ∈M . Since t0 ∈ [β/K, T ] was arbitrary, the result follows. 
5. Compactness theorem
In this section we prove the compactness theorem for our generalized Ricci flow.
We follow Hamilton’s method [9] on the compactness theorem for the usual Ricci
flow.
We review several definitions from [5]. Throughout this section, all Riemannian
manifolds are smooth manifolds of dimensions n. The covariant derivative with
respect to a metric g will be denoted by g∇.
Definition 5.1. Let K ⊂ M be a compact set and let {gk}k∈N, g∞, and g be
Riemannian metrics on M . For p ∈ {0} ∪ N we say that gk converges in Cp to g∞
uniformly on K with respect to g if for every ǫ > 0 there exists k0 = k0(ǫ) > 0 such
that for k ≥ k0,
(5.1) ‖gk − g∞‖Cp;K,g := sup
0≤α≤p
sup
x∈K
|g∇α(gk − g∞)(x)|g < ǫ.
Since we consider a compact set, the choice of background metric g does not
change the convergence. Hence we may choose g = g∞.
Definition 5.2. Suppose {Uk}k∈N is an exhaustion2 of a smooth manifold M by
open sets and gk are Riemannian metrics on Uk. We say that (Uk, gk) converges
in C∞ to (M, g∞) uniformly on compact sets in M if for any compact set K ⊂M
and any p > 0 there exists k0 = k0(K, p) such that {gk}k≥k0 converges in Cp to g∞
uniformly on K.
2If for any compact set K ⊂M there exists k0 ∈ N such that Uk ⊃ K for all k ≥ k0
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A pointed Riemannian manifold is a 3-tuple (M, g,O), where (M, g) is a Rie-
mannian manifold andO ∈M is a basepoint. If the metric g is complete, the 3-tuple
is called a complete pointed Riemannian manifold. We say (M, g(t), H(t), O), t ∈
(α, ω), is a pointed solution to the generalized Ricci flow if (M, g(t), H(t)) is a solu-
tion to the generalized Ricci flow.
The so-called Cheeger-Gromov convergence in C∞ is defined by
Definition 5.3. A given sequence {(Mk, gk, Ok)}k∈N of complete pointed Riemann-
ian manifolds converges to a complete pointed Riemannian manifold (M∞, g∞, O∞)
if there exist
(i) an exhaustion {Uk}k∈N of M∞ by open sets with O∞ ∈ Uk,
(ii) a sequence of diffeomorphisms Φk : M∞ ∋ Uk → Vk := Φk(Uk) ⊂ Mk with
Φk(O∞) = Ok
such that (Uk,Φ
∗
k(gk|Vk)) converges in C∞ to (M∞, g∞) uniformly on compact sets
in M∞.
The corresponding convergence for the generalized Ricci flow is similar to the
convergence for the usual Ricci flow introduced by Hamilton [9].
Definition 5.4. A given sequence {(Mk, gk(t), Hk(t), Ok)}k∈N of complete pointed
solutions to the GRF converges to a complete pointed solution to the GRF
(M∞, g∞(t), H∞(t), O∞), t ∈ (α, ω),
if there exist
(i) an exhaustion {Uk}k∈N of M∞ by open sets with O∞ ∈ Uk,
(ii) a sequence of diffeomorphisms Φk : M∞ ∋ Uk → Vk := Φk(Uk) ⊂ Mk with
Φk(O∞) = Ok
such that (Uk×(α, ω),Φ∗k(gk(t)|Vk)+dt2,Φ∗k(Hk(t)|Vk)) converges in C∞ to (M∞×
(α, ω), g∞(t) + dt
2, H∞(t)) uniformly on compact sets in M∞ × (α, ω). Here we
denote by dt2 the standard metric on (α, ω).
Let injg(O) be the injectivity radius of the metric g at the point O. The following
compactness theorem is due to Cheeger and Gromov.
Theorem 5.5. (Compactness for metrics) Let {(Mk, gk, Ok)}k∈N be a sequence
of complete pointed Riemannian manifolds satisfying
(i) for all p ≥ 0 and k ∈ N, there is a sequence of constants Cp <∞ indepen-
dent of k such that
|gk∇pRm(gk)|gk ≤ Cp
on Mk,
(ii) there exists some constant ι0 > 0 such that
injgk(Ok) ≥ ι0
for all k ∈ N.
Then there exists a subsequence {jk}k∈N such that {(Mjk , gjk , Ojk)}k∈N converges
to a complete pointed Riemannaian manifold (Mn∞, g∞, O∞) as k →∞.
As a consequence of Theorem 5.5, we state our compactness theorem for GRF.
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Theorem 5.6. (Compactness for GRF) Let {(Mk, gk(t), Hk(t), Ok)}k∈N be a
sequence of complete pointed solutions to GRF for t ∈ [α, ω) ∋ 0 such that
(i) there is a constant C0 <∞ independent of k such that
sup
(x,t)∈Mk×(α,ω)
|Rm(gk(x, t))|gk(x,t) ≤ C0, sup
x∈Mk
|Hk(x, α)|gk(x,α) ≤ C0,
(ii) there exists a constant ι0 > 0 satisfying
injgk(0)(Ok) ≥ ι0.
Then there exists a subsequence {jk}k∈N such that
(Mjk , gjk(t), Hjk (t), Ojk) −→ (M∞, g∞(t), H∞(t), O∞),
converges to a complete pointed solution (M∞, g∞(t), H∞(t), O∞), t ∈ [α, ω) to
GRF as k →∞.
To prove Theorem 5.6 we extend a lemma for Ricci flow to GRF. After estab-
lishing this lemma, the proof of Theorem 5.6 is similar to Theorem 3.10 in [5].
Lemma 5.7. Let (M, g) be a Riemannian manifold with a background metric g, let
K be a compact subset of M , and let (gk(x, t), Hk(x, t)) be a collection of solutions
to the generalized Ricci flow defined on neighborhoods of K×[β, ψ], where t0 ∈ [β, ψ]
is a fixed time. Suppose that
(i) the metrics gk(x, t0) are all uniformly equivalent to g(x) on K, i.e., for all
V ∈ TxM,k, and x ∈ K,
C−1g(x)(V, V ) ≤ gk(x, t0)(V, V ) ≤ Cg(x)(V, V ),
where C <∞ is a constant independent of V, k, and x,
(ii) the covariant derivatives of the metrics gk(x, t0) with respect to the metric
g(x) are all uniformly bounded on K, i.e., for all k and p ≥ 1,
|g∇pgk(x, t0)|g(x) + |g∇p−1Hk(x, t0)|g(x) ≤ Cp
where Cp <∞ is a sequence of constants independent of k,
(iii) the covariant derivatives of the curvature tensors Rm(gk(x, t)) and of the
forms Hk(x, t) are uniformly bounded with respect to the metric gk(x, t) on
K × [β, ψ], i.e., for all k and p ≥ 0,
|gk∇pRm(gk(x, t))|gk(x,t) + |gk∇pHk(x, t)|gk(x,t) ≤ C′p
where C′p is a sequence of constants independent of k.
Then the metrics gk(x, t) are uniformly equivalent to g(x) on K × [β, ψ], i.e.,
B(t, t0)
−1g(x)(V, V ) ≤ gk(x, t)(V, V ) ≤ B(t, t0)g(x)(V, V ),
where B(t, t0) = Ce
C′0|t−t0|(Here the constant C′0 may not be equal to the previous
one), and the time-derivatives and covariant derivatives of the metrics gk(x, t) with
respect to the metric g(x) are uniformly bounded on K × [β, ψ], i.e., for each (p, q)
there is a constant C˜p,q independent of k such that∣∣∣∣ ∂q∂tq g∇pgk(x, t)
∣∣∣∣
g(x)
+
∣∣∣∣ ∂q∂tq g∇p−1Hk(x, t)
∣∣∣∣
g(x)
≤ C˜p,q
for all k.
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Proof. Before proving the lemma, we quote a fact from [5], i.e., Lemma 3.13: Sup-
pose that the metrics g1 and g2 are equivalent, i.e., C
−1g1 ≤ g2 ≤ Cg1. Then
for any (p, q)-tensor T we have |T |g2 ≤ C(p+q)/2|T |g1 . We denote by h the tensor
hij := g
kpglqHiklHjpq. In the following we denote by C a constant depending only
on n, β, and ψ which may take different values at different places. For any tangent
vector V ∈ TxM we have
∂
∂t
gk(x, t)(V, V ) = −2Ric(gk(x, t))(V, V ) + 1
2
hk(x, t)(V, V ),
and therefore∣∣∣∣ ∂∂t loggk(x, t)(V, V )
∣∣∣∣ = ∣∣∣∣−2Ric(gk(x, t))(V, V ) + 12hk(x, t)(V, V )gk(x, t)(V, V )
∣∣∣∣
≤ C′0 + C|Hk(x, t)|2gk(x,t)
≤ C′0 + CC′20 := C,
since
|Ric(gk(x, t))(V, V )| ≤ C′0gk(x, t)(V, V ),
|hk(x, t)(V, V )| ≤ C|Hk(x, t)|2gk(x,t)gk(x, t)(V, V ).
Integrating on both sides, we have
C|t1 − t0| ≥
∫ t1
t0
∣∣∣∣ ∂∂t loggk(x, t)(V, V )
∣∣∣∣ dt
≥
∣∣∣∣∫ t1
t0
∂
∂t
loggk(t)(V, V )dt
∣∣∣∣
=
∣∣∣∣loggk(x, t1)(V, V )gk(x, t0)(V, V )
∣∣∣∣
and hence we conclude that
e−C|t1−t0|gk(x, t0)(V, V ) ≤ gk(x, t1)(V, V ) ≤ eC|t1−t0|gk(x, t0)(V, V ).
From the assumption (i), it immediately deduces from above that
C−1e−C|t1−t0|g(x)(V, V ) ≤ gk(x, t1)(V, V ) ≤ CeC|t1−t0|g(x)(V, V ).
Since t1 was arbitrary, the first part is proved. From the definition(or see [5], eq.
(37), page 134), we have
(gk)
ec(g∇a(gk)bc + g∇b(gk)ac − g∇c(gk)ab) = 2(gkΓ)eab − 2(gΓ)eab.
Thus |gkΓ(x, t)− gΓ(x)|g(x) ≤ C|g∇gk(x, t)|gk(x). On the other hand,
g∇a(gk)bc = (gk)eb[(gkΓ)eac − (gΓ)eac] + (gk)ec[(gkΓ)eab − (gΓ)eab],
it follows that |g∇gk(x, t)|gk(x,t) ≤ C|gkΓ(x, t) − gΓ(x)|gk(x,t) and therefore
(5.2) g∇gk is equivalent to gkΓ− gΓ = gk∇− g∇.
The evolution equation for gΓ is
∂
∂t
(gkΓ)cab = −(gk)cd[(gk∇)a(Ric(gk))bd + (gk∇)b(Ric(gk))ad
− (gk∇)d(Ric(gk))ab]
+
1
4
(gk)
cd[(gk∇)a(hk)bd + (gk∇)b(hk)ad − (gk∇)d(hk)ab].
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Since gΓ does not depend on t, it follows from the assumptions that∣∣∣∣ ∂∂t (gkΓ− gΓ)
∣∣∣∣
gk
≤ C|gk∇(Ric(gk))|gk + C|gk∇(hk)|gk
≤ CC′1 + C|gk∇Hk|gk · |Hk|gk ≤ C′1.
Integrating on both sides,
C′1|t1 − t0| ≥
∣∣∣∣∫ t1
t0
∂
∂t
(gkΓ(t)− gΓ)dt
∣∣∣∣
gk
≥ |gkΓ(t1)− gΓ|gk − |gkΓ(t0)− gΓ|gk .
Hence we obtain
|gkΓ(t)− gΓ|gk ≤ C′1|t1 − t0|+ |gkΓ(t0)− gΓ|gk
≤ C′1|t1 − t0|+ C|g∇gk(t0)|gk
≤ C′1|t− t0|+ C|g∇gk(t0)|g
≤ C′1|t− t0|+ C1.
The equivalency of metrics tells us that
|g∇gk(t)|g ≤ B(t, t0)3/2|g∇gk(t)|gk ≤ B(t, t0)3/2 · C|gkΓ(t)− gΓ|gk
≤ B(t, t0)3/2(C′1|t− t0|+ C′).
Since |t− t0| ≤ ψ−β, it follows that |g∇gk(t)|g ≤ C˜1,0 for some constant C˜1,0. But
g and gk are equivalent, we have
|Hk(t)|g ≤ C|Hk(t)|gk ≤ CC′1 = C˜1,0.
From the assumptions, we also have
|g∇Hk|g ≤ |(g∇− gk∇)Hk + gk∇Hk|g
≤ C|g∇gk|g · |Hk|g + C|gk∇Hk|gk
≤ CC′1 + CC˜1,0C˜1,0 =: C˜2,0.
Moreover,
∂
∂t
g∇Hk = g∇(∆gkHk +Rm(gk) ∗Hk)
= (g∇− gk∇)∆gkHk + gk∇∆gkHk
+ g∇Rm(gk) ∗Hk +Rm(gk) ∗ g∇Hk
where ∆gk is the Laplace operator associated to gk. Hence∣∣∣∣ ∂∂tg∇Hk
∣∣∣∣
g
≤ C|g∇gk|g · |∆gkHk|gk + C|gk∇∆gkHk|g
+ C|g∇Rm(gk)|g · |Hk|g + C|Rm(gk)|g · |g∇Hk|g
≤ C˜2,1.
For higher derivatives we claim that
(5.3) |g∇pRic(gk)|g ≤ C′′p |g∇pgk|g + C′′′p , |g∇pgk|g + |g∇p−1Hk|g ≤ C˜p,0,
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for all p ≥ 1, where C′′p , C′′′p , and C˜p,0 are constants independent of k. For p = 1, we
have proved the second inequality, so we suffice to prove the first one with p = 1.
Indeed,
|g∇Ric(gk)|g ≤ C|(g∇− gk∇)Ric(gk) + gk∇Ric(gk)|gk
≤ C|gΓ− gkΓ|g · |Ric(gk)|gk + C|gk∇Ric(gk)|gk
≤ C′′1 |g∇gk|g + C′′′1 .
Suppose the claim holds for all p < N (N ≥ 2), we shall show that it also holds for
p = N . From
|g∇NRic(gk)|g =
∣∣∣∣∣
N∑
i=1
g∇N−i(g∇− gk∇)gk∇i−1Ric(gk) + gk∇NRic(gk)
∣∣∣∣∣
g
≤
N∑
i=1
∣∣g∇N−i(g∇− gk∇)gk∇i−1Ric(gk)∣∣g + |gk∇NRic(gk)|g
we estimate each term. For i = 1, by induction and assumptions we have
|g∇N−1(g∇− gk∇)Ric(gk)|g
≤ C|g∇N−1(g∇gk · Ric(gk))|g
≤ C
∣∣∣∣∣∣
N−1∑
j=0
(
N − 1
j
)
g∇N−1−j(g∇gk) · g∇j(Ric(gk))
∣∣∣∣∣∣
g
≤ C
N−1∑
j=0
(
N − 1
j
)
|g∇N−jgk|g · |g∇jRic(gk)|g
≤ C
N−1∑
i=0
(
N − 1
j
)
(C′′j |g∇jgk|g + C′′′j )|g∇N−jgk|g
≤ C
N−1∑
j=0
(
N − 1
j
)
(C′′j C˜j,0 + C
′′′
j )|g∇N−jgk|g
= C(N − 1)(C′′0 C˜j,0 + C′′′0 )|g∇Ngk|g
+ C
N−1∑
j=1
(
N − 1
j
)
(C′′j C˜j,0 + C
′′′
j )C˜N−j,0
≤ C′′N |g∇Ngk|g + C′′′N .
For i ≥ 2, we have
|g∇N−i(g∇− gk∇)gk∇i−1Ric(gk)|g
≤ C|g∇N−i(g∇gk · gk∇i−1Ric(gk))|g
≤ C
N−i∑
j=0
(
N − i
j
)
|g∇N−i−j+1gk|g · |g∇j · gk∇i−1Ric(gk)|g.
If j = 0, then
|gk∇i−1Ric(gk)|g ≤ C′′i−1|g∇i−1gk|g + C′′′i−1 ≤ C′′i−1C˜i−1,0 + C′′′i−1.
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Suppose in the following that j ≥ 1. Hence
|g∇j · gk∇i−1Ric(gk)|g =
∣∣((g∇− gk∇) + gk∇)j · gk∇i−1Ric(gk)∣∣g
≤ C
j∑
l=0
(
j
l
)
|g∇lgk|g · |gk∇j−l+i−1Ric(gk)|g
≤ C
j∑
l=0
(
j
l
)
C˜l,0(C
′′
j−l+i−1C˜j−l+i−1,0 + C
′′′
j−l+i−1),
where we make use of (5.2) from first line to second line. Combining these inequal-
ities, we get
|g∇NRic(gk)|g ≤ C′′N |g∇Ngk|g + C′′′N .
Similarly, we have
|g∇Nhk|g ≤ C′′N |g∇Ngk|g + C′′′N .
Since ∂∂tgk = −2Ric(gk) + 12hk, it follows that
∂
∂t
g∇Ngk = g∇N (−2Ric(gk) + 1
2
hk)
∂
∂t
|g∇Ngk|2g ≤
∣∣∣∣ ∂∂t g∇Ngk
∣∣∣∣2
g
+ |g∇Ngk|2g
≤ 8|g∇NRic(gk)|2g +
1
2
|g∇Nhk|2g + |g∇Ngk|2g
≤ (1 + 18(C′′N )2)|g∇Ngk|2g + 18(C′′N )2.
Integrating the above inequality, we get |g∇gk|g ≤ C˜N,0 and therefore |g∇Nhk|g ≤
C˜N+1,0. We have proved lemma for q = 0. When g ≥ 1, then
∂q
∂tq
g∇pgk(t) = g∇p ∂
q−1
∂tq−1
(
−2Ric(gk(t)) + 1
2
hk(t)
)
.
Using the evolution equations for Rm(gk(t)) and hk(t), combining the induction to q
and using the above method, we have | ∂q∂tq g∇pgk(t)|g+| ∂
q
∂tq
g∇p−1hk(t)|g ≤ C˜p,q. 
6. Generalization
In this section, we generalize the main results in Sec. 4 and Sec. 5 to a kind of
generalized Ricci flow in which the local existence has been established [10].
Let (M, gij(x)) be an n-dimensional closed Riemannian manifold and let A =
{Ai} and B = {Bij} denote a one form and two form respectively. Set F = dA
and H = dB. The authors in [10] proved that there exists a constant T > 0 such
that the evolution equations
∂
∂t
gij(x, t) = −2Rij(x, t) + 1
2
hij(x, t) + 2fjk(x, t), gij(x, 0) = gij(x),
∂
∂t
Ai(x, t) = −2∇kFik(x, t), Ai(x, 0) = Ai(x),
∂
∂t
Bij(x, t) = 3∇kHkij(x, t), Bij(x, 0) = Bij(x)
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has a unique smooth solution onm×[0, T ), where hij = HiklHjkl and fij = FikFjk.
We call it as RF(A,B). According to the definition of the adjoint operator d∗, we
have
(6.1) (d∗F )i = 2∇kFik, (d∗H)ij = −3∇kHkij ,
and hence
∂
∂t
F (x, t) = −dd∗g(x,t)F = ∆HL,g(x,t)F = ∆F +Rm ∗ F,(6.2)
∂
∂t
H(x, t) = −dd∗g(x,t)H = ∆HL,g(x,t)H = ∆H +Rm ∗H.(6.3)
They also derived the evolution equations of curvatures:
∂
∂t
Rijkℓ = ∆Rijkℓ + 2(Bijkℓ −Bijℓk −Biℓjk +Bikjℓ)
− gpq(RpjkℓRqi +RipkℓRqj +RijpℓRqk +RijkpRqℓ)
+
1
4
[∇i∇ℓ(HkpqHjpq)−∇i∇k(HjpqHℓpq)
− ∇j∇ℓ(HkpqHipq) +∇j∇k(HipqHℓpq)]
+
1
4
grs(HkpqH
pq
r Rijsℓ +HrpqHℓ
pqRijks)
+ ∇i∇ℓ(FkpFjp)−∇i∇k(FjpFℓp)−∇j∇ℓ(FkpFip) +∇j∇k(FipFℓp)
+ grs(Fk
pFrpRijsℓ + Fr
pFℓpRijks).
Under our notation, it can be rewritten as
∂
∂t
Rm = ∆Rm+
∑
i+j=0
∇iRm ∗ ∇jRm+
∑
i+j=0+2
∇iH ∗ ∇jH
+
∑
i+j=0+2
∇iF ∗ ∇jF +
∑
i+j+k=0
∇iH ∗ ∇jH ∗ ∇kRm(6.4)
+
∑
i+j+k=0
∇iF ∗ ∇jF ∗ ∇kRm.
As before, we have
Proposition 6.1. For RF(A,B) and any nonnegative integer ℓ we have
∂
∂t
∇ℓRm = ∆(∇lRm) +
∑
i+j=ℓ
∇iRm ∗ ∇jRm+
∑
i+j=ℓ+2
∇iH ∗ ∇jH
+
∑
i+j=ℓ+2
∇iF ∗ ∇jF +
∑
i+j+k=ℓ
∇iH ∗ ∇jH ∗ ∇kRm(6.5)
+
∑
i+j+k=ℓ
∇iF ∗ ∇jF ∗ ∇kRm.
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In particular,
∂
∂t
|∇lRm|2 ≤ ∆|∇lRm|2 − 2|∇ℓ+1Rm|2
+ C ·
∑
i+j=ℓ
|∇iRm| · |∇jRm| · |∇ℓRm|
+ C ·
∑
i+j=ℓ+2
|∇iH | · |∇jH | · |∇ℓRm|
+ C ·
∑
i+j=ℓ+2
|∇iF | · |∇jF | · |∇ℓRm|
+ C ·
∑
i+j+k=ℓ
|∇iH | · |∇jH | · |∇kRm| · |∇ℓRm|
+ C ·
∑
i+j+k=ℓ
|∇iF | · |∇jF | · |∇kRm| · |∇ℓRm|.
Since ∂∂tF = ∆F +Rm ∗ F it follows that
∂
∂t
∇F = ∇ ∂
∂t
F + F ∗ ∇(Rm +H ∗H + F ∗ F )
= ∇(∆F + Rm ∗ F ) + F ∗ ∇Rm+ F ∗H ∗ ∇H + F ∗ F ∗ ∇F
= ∆(∇F ) +∇Rm ∗ F +Rm ∗ ∇F + F ∗H ∗ ∇H + F ∗ F ∗ ∇F.
It can be expressed as
∂
∂t
∇F = ∆(∇F ) +
∑
i+j=1
∇iF ∗ ∇jRm
+
∑
i+j+k=1
∇iF ∗ ∇jF ∗ ∇kF +
1−1∑
i=0
1−i∑
j=0
∇iF ∗ ∇jH ∗ ∇1−i−jH.
More generally, we can show that
Proposition 6.2. For RF(A,B) and any positive integer ℓ we have
∂
∂t
∇ℓF = ∆(∇ℓF ) +
∑
i+j=ℓ
∇iF ∗ ∇jRm
+
∑
i+j+k=ℓ
∇iF ∗ ∇jF ∗ ∇kF +
ℓ−1∑
i=0
ℓ−i∑
j=0
∇iF ∗ ∇jH ∗ ∇ℓ−i−jH.
In particular,
∂
∂t
|∇ℓF |2 ≤ ∆|∇ℓF |2 − 2|∇ℓ+1F |2 + C ·
∑
i+j=ℓ
|∇iF | · |∇jRm| · |∇ℓF |
+ C ·
∑
i+j+k=ℓ
|∇iF | · |∇jF | · |∇kF | · |∇lF |
+ C ·
ℓ−1∑
i=0
ℓ−i∑
j=0
|∇iF | · |∇jH | · |∇ℓ−i−jH | · |∇ℓF |.
Similarly, we obtain
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Proposition 6.3. For RF(A,B) and any positive integer l we have
∂
∂t
∇ℓH = ∆(∇ℓH) +
∑
i+j=ℓ
∇iH ∗ ∇jRm
+
∑
i+j+k=ℓ
∇iH ∗ ∇jH ∗ ∇kH +
ℓ−1∑
i=0
ℓ−i∑
j=0
∇iH ∗ ∇jF ∗ ∇ℓ−i−jF.
In particular,
∂
∂t
|∇ℓH |2 ≤ ∆|∇ℓH |2 − 2|∇ℓ+1H |2 + C ·
∑
i+j=ℓ
|∇iH | · |∇jRm| · |∇ℓH |
+ C ·
∑
i+j+k=ℓ
|∇iH | · |∇jH | · |∇kH | · |∇ℓH |
+ C ·
ℓ−1∑
i=0
ℓ−i∑
j=0
|∇iH | · |∇jF | · |∇ℓ−i−jF | · |∇ℓH |.
From the evolution inequalities
∂
∂t
|H |2 ≤ ∆|H |2 − 2|∇H |2 + C · |Rm| · |H |2,
∂
∂t
|F |2 ≤ ∆|F |2 − 2|∇F |2 + C · |Rm| · |F |2,
the following theorem is obvious.
Theorem 6.4. Suppose that (g(x, t), H(x, t), F (x, t)) is a solution to RF(A,B) on
a compact manifold Mn for a short time 0 ≤ t ≤ T and K1,K2,K3 are arbitrary
given nonnegative constants. Then there exists a constant Cn depending only on n
such that if
|Rm(x, t)|g(x,t) ≤ K1, |H(x)|g(x) ≤ K2, |F (x)|g(x) ≤ K3
for all x ∈M and t ∈ [0, T ], then
(6.6) |H(x, t)|g(x,t) ≤ K2eCnK1t, |F (x, t)|g(x,t) ≤ K3eCnK1t,
for all x ∈M and t ∈ [0, T ].
Parallelling to Theorem 4.6, we can prove
Theorem 6.5. Suppose that (g(x, t), H(x, t), F (x, t)) is a solution to RF(A,B)
on a compact manifold Mn and K is an arbitrary given positive constant. Then
for each α > 0 and each integer m ≥ 1 there exists a constant Cm depending on
m,n,max{α, 1}, and K such that if
|Rm(x, t)|g(x,t) ≤ K, |H(x)|g(x) ≤ K, |F (x)|g(x) ≤ K
for all x ∈M and t ∈ [0, α/K], then
(6.7) |∇m−1Rm(x, t)|g(x,t) + |∇mH(x, t)|g(x,t) + |∇mF (x, t)|g(x,t) ≤
Cm
t
m
2
,
for all x ∈M and t ∈ (0, α/K].
We can also establish the corresponding compactness theorem for RF(A,B). We
omit the detail since the proof is close to the proof in Section 5. In the forthcoming
paper, we will consider the BBS estimates for complete noncompact Riemmanian
manifolds.
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